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Abstract Slope stability analysis is a branch of geotechnical engineering that is highly amenable to
probabilistic treatment. Probabilistic analysis of slope stability has received considerable attention in the
literature, and has been used as an effective tool to evaluate uncertainty that is so prevalent in variables.
In this research, the jointly distributed random variables method is used for probabilistic analysis and
reliability assessment of the stability of infinite slopeswithout seepage. The selected stochastic parameters
are internal friction angle, cohesion and unit weight, which are modeled using a truncated normal
probability distribution function. The geometric parameters, such as height of slope and angle of slope
relative to horizontal, are regarded as constant parameters. The results are compared with the Monte
Carlo, Point Estimated, and First Order Second Moment methods. Comparison of the results indicates the
superior performance of the proposed approach for assessment of reliability.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The problem of slope stability is a statically indeterminate
problem. There are different methods of analysis available for
engineers to assess the stability of slopes. It can be carried
out by the Limit Equilibrium Method (LEM), the limit anal-
ysis method, the Finite Element Method (FEM) or the finite
difference method. By far, most engineers still use the limit
equilibrium method, with which they are more familiar. These
methods are widely documented in geotechnical literature and
use principles of static equilibrium to evaluate the balance of
driving and resisting forces [e.g., [1–4]]. The factor of safety is
defined as the ratio of resisting forces over driving forces, or,
alternatively, as the shear strength divided by the calculated
shear stresses. A factor of safety greater than one indicates a
∗ Corresponding author.
E-mail addresses: johari@sutech.ac.ir (A. Johari), a.a.javadi@ex.ac.uk
(A.A. Javadi).
Peer review under responsibility of Sharif University of Technology.
1026-3098© 2012 Sharif University of Technology. Production and hosting by Els
doi:10.1016/j.scient.2012.04.006stable slope and a value less than one indicates impending fail-
ure. Therefore, these methods are restricted by the use of single
valued parameters to describe the slope’s characteristics. How-
ever, the inherent uncertainties of the characteristics which af-
fect slope stability dictate that the slope stability problem is of
a probabilistic nature rather than being deterministic.
In general, the uncertainty in the stability of a slope
is divided into three distinctive categories: soil parameter
uncertainty, model uncertainty and human uncertainty [5].
Parameter uncertainty is the uncertainty in input parameters
for analysis [6,7], model uncertainty is due to the limitation of
theories and models used in performance prediction [8], while
human uncertainty is due to human error [9]. In this research,
parameter uncertainty is assessed.
2. Methods of probabilistic analysis for slope stability
Since three decades ago, many probabilistic methods have
been devised for analysis of the stability of slopes. These
methods can be grouped into four categories: analytical
methods, approximate methods, Monte Carlo simulation and
finite element method.
In analytical methods, the probability density functions
of input variables are expressed mathematically. They are
then integrated analytically into the adopted slope stability
evier B.V. Open access under CC BY-NC-ND license.
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analysis model to derive a mathematical expression of the
density function of the factor of safety. Limited attempts have
been made to apply analytical methods [10–12]. The jointly
distributed random variables method lies in this category.
Most approximate methods are modified version of two
methods, namely, First Order Second Moment (FOSM) Method
[13] and Point Estimate Method [14]. Both approaches require
knowledge of the mean and variance of all input variables,
as well as the performance function that defines safety factor
(e.g., Bishop’s equation). Recent research in slope stability
by the FOM method is documented in the literature [15,16].
Griffiths et al. [17] used random field theory in probabilistic
analysis of infinite slopes, and concluded that first order
methodsmay not properly account for spatial variability, which
can lead to unconservative estimates of the probability of slope
failure. New attempts have been made to apply the Point
Estimate Method [18,19].
Monte Carlo simulation uses randomly generated points to
cover the range of the values that enter into a calculation [20].
As many as 10,000 to 100,000 generations points may be
required to adequately represent a deterministic solution. The
computation of probabilities by Monte Carlo simulation is a
procedure commonly adopted to solve problems that are not
readily solved by analytical methods. Many attempts have been
made to analyze the stability of slopes using Monte Carlo
simulation [21–23].
The random finite element method combines elastoplastic
finite-element analysis with random fields, generated using the
local average subdivision method. Several new slope stabilities
have been done using this method [24–26].
In this research, the jointly distributed random variables
method is used to assess the reliability of infinite slope stability
determination, considering uncertainty in the values of the
parameters. The main advantage of the proposed method is the
saving in computational time in determining the probability
distributions function (PDF) of the factor of safety with respect
to other methods, such as Monte Carlo simulation, which
requires a significant number of iterations and amount of
computational time. This method is described in the following
sections.
3. Infinite slope stability
In the present study, an infinite slope without seepage is
considered. Figure 1 shows this type of slope and its parameters.
For infinite slopes without seepage, the safety factor can be
defined by Eq. (1):
Fs = C
γH cos2 β tanβ
+ tanφ
tanβ
(1)
where:
β: Slope angle relative to a horizontal plane.
H: Height of slope.C: Cohesion of soil.
φ: Internal friction angle of soil.
γ : Unit weight of soil.
In this research, two sets of parameter, fixed parameters
(H, β) and stochastic parameters (C , φ and γ ), are used.
4. Stochastic parameters
To account for uncertainties in the analysis of the stabil-
ity of infinite slopes, 3 input parameters have been considered
as stochastic variables. The selected parameters are internal
friction angle (ϕ), cohesion (C), and unit weight (γ ). These
stochastic parameters are modeled using truncated normal
probability distribution functions (PDF). The parameters related
to geometry are regarded as constant parameters. The distri-
bution functions of the abovementioned stochastic parameters
are as follows:
Fϕ(ϕ) = 1
σϕ
√
2π
exp

−0.5

ϕ − ϕmean
σϕ
2
ϕmin ≤ ϕ ≤ ϕmax, (2)
FC (C) = 1
σC
√
2π
exp

−0.5

C − Cmean
σC
2
Cmin ≤ C ≤ Cmax, (3)
Fγ (γ ) = 1
σγ
√
2π
exp

−0.5

γ − γmean
σγ
2
γmin ≤ γ ≤ γmax, (4)
where:
ϕmin = ϕmean − 3σϕ
ϕmax = ϕmean + 3σϕ
Cmin = Cmean − 3σC
Cmax = Cmean + 3σC
γmin = γmean − 3σγ
γmax = γmean + 3σγ .
(5)
By considering the stochastic variables within the range of
their mean, plus or minus 3 times standard deviation (Eq. (6)),
99.8% of the area beneath the normal density curve is covered.
Thus, area correction will not be necessary. It should be noted
that for choosing initial data, the following conditions must be
observed for cohesion, internal friction angle and unit weight:
ϕmean − 3σϕ > 0
Cmean − 3σC > 0
γmean − 3σγ > 0.
(6)
5. Jointly distributed random variables method
Jointly Distributed Random Variables Method (JDRVM) is
an analytical probabilistic method. In this method, density
functions of input variables are expressed mathematically and
joined together by statistical relations. The available statistical
and probabilistic relations between parameters are given in this
section [27,28].
If X is a randomvariablewith the probability density of fX (x),
and Y is a function of X in the form Y = g(x), the probability
density of Y can be determined as:
fY (y) = fx(g−1(y))×
dg−1dy
 . (7)
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probability densities fX (x) and fY (y), and Z = X + Y , the
probability density of Z will be:
fX+Y (z) =
 +∞
−∞
fX (x)fY (z − x)dx −∞ < z < +∞. (8)
If X and Y are two random variables with the probability
densities fX (x) and fY (y), and Z = Y/X , the probability density
of Z will be:
fY/X (z) =
 +∞
−∞
|x|fX (x)fY (x.z)dx −∞ < z < +∞. (9)
Application of the JointlyDistributed RandomVariablesMethod
is presented in the next section, for probabilistic assessment of
infinite slope stability.
6. Probabilistic assessment of infinite slope stability
In this research, the terms of the safety factor equation
(Eq. (1)) are grouped together in the following form (Eq. (11)),
and the probability distribution equation of each group is
derived separately using Eqs. (12)–(14). Derivations of these
equations are given below:
k1 = C
k2 = γH cos2 β tanβ = γ A
k3 = k1k2
k4 = tanϕtanβ
k5 = F .S = k3 + k4.
(10)
On the other hand:
fK1(k1) =
1
σC
√
2π
exp

−0.5

k1 − Cmean
σC
2
(11)
Cmin ≤ k1 ≤ Cmax
fK2(k2) =
1
Aσγ
√
2π
exp

−0.5

k2 − Aγmean
Aσγ
2
(12)
Aγmin ≤ k2 ≤ Aγmax
fK3(k3) = f K1
K2
(k3) =
 β
α
|k2|fK2(k2)fK1(k3 .k2)dk2 (13)
where:

α = max

k2min ,
k1min
k3

β = min

k2max ,
k1max
k3

k1min
k2max
≤ k3 ≤ k1maxk2min
fK4(k4) =
tanβ
(1+ (k4 tanβ)2)σϕ
√
2π
× exp

−0.5

tan−1(k4 tanβ)− ϕmean
σϕ
2
(14)
tan(ϕmin)
tanβ
≤ k4 ≤ tan(ϕmax)tanβ
fK5(k5) = f(k3+k4)(k5) =
 β
α
fK3(k3)fK4(k5−k3)dk3 (15)where:

α = max[k3min , k5 − k4max]
β = min[k3max , k5 − k4min]
k3min + k4min ≤ k5 ≤ k3max + k4max .
Using the above mathematical functions for k1 to k3 and
fK1(k1) to fK5(k5), a computer program was developed (coded
in Matlab) to determine the probability density distribution
curve for the factor of safety for infinite slopes. In addition, for
comparison, determination of the safety factor for an infinite
slope, using Monte Carlo simulation, Point Estimated and First
Order Second Moment methods were also coded in the same
computer program. To illustrate the capabilities of this method,
an example with arbitrary data is given in the following
sections.
7. Monte Carlo method
The Monte Carlo Method (MCM) is a computational
algorithm that relies on repeated random sampling to address
risk and uncertainty in quantitative analysis and decision
making. Thismethod provides a range of possible outcomes and
the probabilities that they will occur for any choice of action.
The Monte Carlo method involves building models of
possible results by substituting a range of values (a probability
distribution) for any variable with inherent uncertainty. It then
calculates results over and over, each time using a different set
of random values from the probability functions. Depending
on the extent of uncertainty and the ranges specified for the
variables, this method could involve a significant number of
simulation runs to produce distributions of possible outcome
values.
During a Monte Carlo simulation, values are sampled at ran-
dom from the input probability distributions. Each set of sam-
ples and the resulting outcome from that sample are recorded.
This method provides a probability distribution of possible out-
comes and, hence, gives a much more comprehensive view of
what may happen.
8. Point estimated method
Rosenblueth [14] proposed the Point Estimate Method
(PEM), which uses a series of point estimates (point by point
evaluations) of the response function at selected values (known
as weighting points) of the input random variables to compute
the moments of the response variable. This method applies
appropriate weights to each of the point estimates of the
response variable to compute moments.
In the PEM, all possible combinations are taken into account
for two point estimates for each independent variable. If
the probability density functions are symmetric (e.g., normal
distribution), the estimated points are separated one standard
deviation below and above the average. The mean and variance
are given by the following equations:
EFunction ∼= 12n
2n
j=1
g(xj) (16)
σ 2Function
∼= 1
2n

2n
j=1
g(xj)
2
− E2. (17)
9. First order second moment method
The First Order Second Moment (FOSM) method is an
approximate approach based on Taylor series expansion of the
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linear term (hence ‘‘first order’’). The modified expansion is
then used, along with the first two moments of the random
variables, to determine the values of the first two moments
of the dependent variable (hence ‘‘second moment’’). This
method takes no account of the form of the probability density
function, describing the randomvariables using only theirmean
and standard deviation. For uncorrelated input variables, the
mean and variance of the function are given by the following
equations:
EFunction ∼=
n
j=1
g(E(xj)) (18)
σ 2Function
∼=
n
j=1

∂g
∂xj
2
σ 2(xj) (19)
where in Eqs. (16)–(19):
xj = Input variables,
g(xj) = Function of input variables, xj,
n = Number of variables,
EFunction =Mean,
σ 2Function = Variance.
10. Example
To demonstrate the efficiency and accuracy of the proposed
method in determining the probability density distribution
curve of the safety factor, an infinite slope, 10 m high, with a
slope angle of β = 20°, is considered. The mean and variance
of the stochastic parameters are selected as C = 15 kPa, σC =
3 kPa for cohesion of the soil, ϕmean = 20°, σC = 3° for internal
friction angle, and γmean = 18 kN/m3, σγ = 1.0 kN/m3 for
unit weight of soil. The height and angle of the infinite slope
are considered as deterministic (non-stochastic) parameters. In
order to compare the results of the jointly distributed random
variables method with those of the Monte Carlo method, the
Point Estimated method and the First Order Second Moment
method, the final probability density distribution curves for the
factor of safety are determined using the samedata and all these
methods.
For this purpose, 50,000 generation points are used for
the Monte Carlo method. In the Point Estimated Method,
8 points are selected. Table 1 shows the calculations for
determining the mean and variance of the safety factor for the
infinite slope using the Point Estimated Method, as defined in
Eqs. (15) and (16).
Table 2 shows the results of the First Order Second Moment
method for determination of the safety factor of the infinite
slope, using Eqs. (17) and (18).
Figure 2 shows the probability distribution functions of
these methods. As can be seen in this figure, the probability
distribution of the factor of safety, obtained using the developed
method, has a nearly normal distribution, and is very close
to the other methods’ probability distributions. Also, for
comparison, the mean, variance and probability at mean value
of these methods are given in Table 3.
Figure 3 shows the probability of failure for the infinite slope
in this example, and Figure 4 shows the cumulative probability
of failure. As can be seen, the probability of failure for this
slope is between 6%–7%. With these stochastic parameters, theFigure 2: Safety factor probability distributions function predicted by four
methods.
Figure 3: Probability of failure in the example problem.
Figure 4: Cumulative probability function of failure in the example problem.
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Point C (kPa) γ (kN/m3) ϕ (Degree) FS W w.FS w.FS2
1 18 19 23 1.461 0.125 0.183 0.267
2 18 17 23 1.496 0.125 0.187 0.280
3 18 19 23 1.363 0.125 0.170 0.232
4 18 19 17 1.135 0.125 0.142 0.161
5 12 17 23 1.386 0.125 0.173 0.240
6 12 19 17 1.036 0.125 0.130 0.134
7 12 17 17 1.169 0.125 0.146 0.171
8 12 17 17 1.060 0.125 0.132 0.140
Sum Mean of FS= 1.263 1.625
Variance of FS
= 1.625− (1.263)2 = 0.0298Table 2: Results from first order second moment method for infinite slope safety factor.
Parameters (Xi) Mean (µXi) Standard deviation (σ 2Xi)
∂FS
∂xi
|
µXi
( ∂FS
∂xi
)2 × σ 2Xi
C 15 3 0.0173 0.0027
ϕ 20 3 3.1114 0.0265
γ 18 1 −0.0144 2.0750e−004
Mean of FS = FS (µC , µϕ , µγ ) = 1.259 Sum= Variance of
FS = 0.0294Table 3: Methods comparing.
Method Mean Variance Probability of
safety factor at
Jointly distributed random 1.260 0.0294 6.33
Monte Carlo 1.300 0.0317 6.14
Point estimated 1.263 0.0298 6.29
First order second moment 1.259 0.0294 6.54
maximum probability value is FS ≈ 1.8 indicating that the
infinite slope will most likely be stable.
11. Sensitivity analysis
To evaluate the model response to changes in input
parameters, a sensitivity analysis was carried out. For this
purpose, the three stochastic input parameters, cohesion,
friction angle and unit weight of soil, were considered. To
evaluate the influence of changes in themean friction angle, this
parameter was decreased, approximately, 10%, while the other
stochastic input parameters and the deterministic parameters
(height and slope angle) were kept constant. The results are
shown in Figure 5. As expected, with a decrease in mean
friction angle, the probability distribution of the safety factor
shifts leftwards indicating that a slope with a lower value
of mean friction angle has a lower safety factor. Figure 6
shows the influence of mean cohesion on the probability
distribution of the safety factor, while other parameters were
kept constant. Again, with a decrease in mean cohesion, the
probability distribution of the safety factor shifts leftwards, but
the magnitude of the shift is less than in the case of a friction
angle. Figure 7 shows that, as expected, with a decrease in
soil unit weight, the probability distribution of safety factor
shifts rightward, indicating that the probability distribution of
safety factor increaseswith a decrease in unitweight, indicating
that a slope with a heavier soil material will have a lower
safety factor. This is also confirmed by the negative gradient
of FS, with respect to unit weight, in Table 2. In addition, a
sensitive analysis was carried out on the cumulative probability
distribution of the safety factor by the jointly distributedFigure 5: Sensitivity analysis for mean friction angle.
randomvariablesmethod, and the results are shown in Figure 8.
To determine the most influential parameter, the mean of
each parameter was decreased approximately 20%, while the
other stochastic and deterministic parameters were fixed at
their mean values, and the cumulative probability distribution
was evaluated. It can be seen that the friction angle is the
most predominant parameter in the safety factor of infinite
slopes.
12. Conclusion
Slope stability analysis is a probabilistic problem, due
to the inherent uncertainties in geotechnical parameters,
model performance, and human uncertainty. A number of
attempts have been made for probabilistic assessment of
this type of geotechnical problems. In this paper, a jointly
distributed random variables method was used to assess
the reliability of infinite slope stability problems, based
on the uncertainty in geotechnical properties. The selected
stochastic parameters were internal friction angle, cohesion
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Figure 7: Sensitivity analysis for unit weight.
Figure 8: Sensitivity analysis to determine the most effective parameter.
and unit weight, which were modeled using truncated normal
probability distribution functions. The parameters related to
the geometry, height and angle of the infinite slope wereregarded as constant parameters. The results showed that the
probability distribution of the safety factor also has a nearly
normal distribution and compares favorably with the output
of other methods of analysis, such as Monte Carlo, Point
Estimated and FOSM. A sensitivity analysis of the selected
method indicated that this method correctly predicted the
influence of various stochastic parameters, such as friction
angle, cohesion and unit weight. The results also indicated
that the jointly distributed random variables method was able
to capture the expected probability distribution of the safety
factor of an infinite slope correctly. This method can be used
as a suitable method in assessment of the reliability of infinite
slopes. The sensitivity analysis also showed that the friction
angle is the most effective parameter in the safety factor of
infinite slopes.
The jointly distributed random variables method has a
number of advantages over other methods:
(i) It is an exact method, and can be used for stochastic
parameters with any distribution curve (such as normal,
exponential, gamma, uniform).
(ii) Unlike other methods, like PEM and FOSM, the jointly
distributed random variables method does not require the
mean and variance of the input variables.
(iii) The computational time of this method is significantly less
than the Monte Carlo method, which requires a significant
number of simulation runs.
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